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1. INTRODUCTION 
A physical process concerning transmission and reflection was first 
attacked by G. G. Stokes [I] as early as 1862. He analyzed the optical 
behavior of a set of identical glass plates. At the turning of the century, 
Schmidt [2] obtained a Riccati equation for reflection by extending Stokes’ 
original approach to the case in which the added layer may be arbitrarily 
thin. Ambarzumian [3] related this idea to the theory of radiative transfer 
around 1943. Later, Chandrasekhar [4] extended and generalized 
Ambarzumian’s analysis which he called the “principle of invariance,” to 
a powerful mathematical technique for the problem of radiative transfer. 
The name “invariant imbedding” introduced by R. Bellman [5] in 1956, 
suggests a formulation for the properties of a given configuration that does 
not depend on the medium in which that configuration may be imbedded. 
Indeed the local response of a part of an obstacle is often determined as if 
it were imbedded in a free space. The method of “invariant imbedding” 
is a technique to establish differential equations for operators that describe the 
transmission and reflection by means of adding an arbitrary thin obstacle. 
During the same period, Redheffer [6,7] worked on transmission line 
theory that led to some general operators equations for scattering processes. 
He considered an obstacle extended from x toy as imbedded in a nonreflective 
homogeneous medium, and he obtained a pair of differential equations for 
the scattering matrix S(x,y), with S(x, X) = E = the identity matrix. 
Wang [8] obtained the same results by a different technique, by assuming 
the continuity of coefficients. The continuity condition can be easily replaced 
by piecewise continuous. The study of the solution with an arbitrary initial 
value, S(x, X) = S, , was done by McCarty [9], Redheffer [lo], and Reid [7]. 
McCarty and Reid considered the finite-dimensional case. Much of their 
results can be generalized to an infinite-dimensional case, Redheffer used the 
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star-product and considered the general operators; finite or infinite 
dimensional. 
It seems that the above extension is not a sufficient generalization as far 
as the class of scattering problems are concerned. For example, the problem 
of wave propagations in a nonhomogeneous obstacle was studied by Bellman 
and Kalaba [Ill. They obtained the Riccati equation for reflection 
a&Y) k’(x) - = - - 2ik(x) r(x, y) - k’(x) 
ax w4 
- qx, Y) 
W4 
and an equation for transmission (1.1) 
- ik(x) , 
I 
where k(x) is the propagation constant and k’(x) = dk(x)/dx. The cases 
considered previously will not lead to a coefficient that involves the derivative 
of a medium constant, (for more detail see p. 305 [6]). Wang [8] also obtained 
Eqs. (1.1) by some modifications of the original formulations, but did not 
formalize the derivation nor establish the connections between the modified 
system and the original one, i.e., the medium coefficient = M,, and 
qx, x) = E. 
The purpose of this paper is to construct a more general model of scattering 
processes and fully establish the connection between this general model 
and the original one. From the new model will be established the albedo 
effects, the change of coefficients, the difference between right-hand and 
left-hand coefficients; and the relations between solutions. In the application 
we obtain the Eqs. (1.1). The technique used here is closely related to that 
used by Redheffer, particularly regarding semi-group properties of the 
star-product. 
The importance of these results is that now a complete set of equations 
and solutions are obtained for an arbitrary given boundary conditions from 
that for a single case. 
2. THE GENERAL MODEL 
To construct a general model, consider an obstacle extended from x to y. 
The medium to the left of this obstacle is homogeneous with medium 
coefficients M,(x), and the one to the right is also a homogeneous medium 
with medium coefficients M,(y), where Ml(x) and M,(y) are functions of x 
and y, respectively. In previous studies, the obstacle is imbedded in an arbi- 
trary but fixed homogeneous medium, that is, M,(x) = Ml , M,(y) = M, . 
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In the present case, the obstacle is imbedded in a medium which depends 
on two-ended locations of the obstacle. If we change the obstacle thickness, 
we also change the media properties accordingly. 
By the principle of invariance, when two obstacles are assembled together 
in a nonreflective medium, then each obstacle behaves as it would individually. 
The continuity of intensities implies the boundary intensities are matched. 
The formation of these properties is the equivalence of the following two 
systems; see Fig. 2.1 and Fig. 2.2. 
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FIG. 2.1. The general model 
of the operators on an obstacle. 
FIG. 2.2. The equivalent model. 
Their mathematical relationship can be expressed as, 
%%Y) = (; !) = Pl(X, 0) * S(X,Y) * P&4 y), for all x dr, (2.1) 
where f, ? and p”, r” are transmission and reflection operators and Pl(x, 0) 
is a 2 x 2 interphase scattering matrix which describes the interphase 
transmission and reflective operators at the interphase between two homo- 
geneous media M,(x) and Ma with M,(X) at left; and likewise P,(O, y) is 
the interphase scattering matrix with M,(y) at the right. The operation *, 
is called star-product, which was first introduced by Redheffer, 
(; 1) * (; ;j = (;y ;lp-lp;l)-l t ff;Aty-gy-l “) (2.2) 
provides p # 1 and r1 # 1. The star-product has the semi-group property [7], 
qx, Y) = S(x, 4 * S(& Y) x<z<y. (2.3) 
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Consider an arbitrary thin obstacle extended from y to y + A attached 
to the right of Fig. 2.1. By (2.1) and (2.3). 
S(x, y + A) = P&, 0) * S&y + A) * P&Y + A) 
= P&, 0) * S(x, y) * Sty, + A) * J’,tO, Y + A) 
= f’l(x, 0) * Sk, Y) * f’z(o, Y) * p&-J y)-l * S(Y,Y + 4 
* pz(O, Y + A) 
with 
= S(x, y) * [P,(O, y)-’ * Sty, Y + A) * p,(O, Y + 41, (2.4) 
3(x, 2) = Pl(X, 0) * Ps(O, x). 
We used the associativity of the star-product and the fact that the inverse 
matrix under the usual matrix operation is also the inverse under the star- 
product, and if it exists then it is unique. 
To define the coefficients (right) for the general model, we write 
[P2(0, z)-’ * S(z, z + A) * P,(O, z + A) - E]. (2.5) 
Similarly consider an arbitrary thin obstacle attached to the left; this 
leads to defining the coefficients (left) 
m-(z) = B-b) 44 ( Y-64 W) 1 X<Z<Y 
= li+y++ [P&f -A,O)*S(z - A, z) * P&z, 0)-l - El. (2.6) 
Now observe 
P2(0, z)-’ * S(z, z + A) * P,(O, a + A) 
and 
Plk -A,O)*S(z - A, z) * I’#, 0)-l 
each approaches to E as A + O+. In the case mf = m-, we drop the super- 
scripts on 01, /3, y, 8. The existence of Pz(O, z)-l and P,(O, z)-l follows from 
the fact: 
P&z, 0) * P,(O, 2) = P&z, 0) * P*(O, z) = E. 
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3. THE STATE FORM AND ITS COEFFICIENTS 
To obtain the state form [S] for the general model, i.e., with respective 
to m+ and m-, we merely repeat the analysis given in [7, 81. The results are: 
and 
a%5 Y) ---= 
ay 
a+, Y) --= 
ax 
i 
(B’ + /7y+) i E + p+p + p+ + py+p 
+y+i q+ + r+p) 1 (3.1) 
i 
q/3- + a-f) Lx-i: 
y- + 6-i + q- + far-i (S- + hx-) F 1 * (3.2) 
The continuity of M does not lead to m+ = m-. However, connections 
are established between m+ and M, and between m- and M, where 
M = M(z) = lim l/d [S(z, z + A) - I?]. By the Eq. (2.5) for arbitrary 
small A > 0, 
J-‘~Y, 0) * S(Y,Y + 4 * P&&Y + 4 = E + m+(yM + OW. 
Substitute S( y, y + A) = E + M(y)d + O(d) and multiply Pa(0, y), the 
result apart from O(d) is: 
PdO, Y) * [E + m+(r)1 = P + M(y)4 * ~,(O, Y + 4. 
Subtract Pa(0, y) and let d -+ 0, the desired result obtained is: 
with 
and 
aw, Y) 
ay 
= ji, -$ [Pz(O, y + A) - Pz(O, y>l* 
Obtained in a similar manner: 
and 
ap,(x, 0) 
ax = I& ; [P& - A, 0) - PI@, O)]. 
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Now, observe that the coefficient m+ involves the right-hand derivative 
of Pz and the coefficient m- involves the left-hand derivative of PI. By 
using the continuity of the intensity field at interphase [7], 
ti = 1 + Yi and Ti = 1 + pi , with i = 1,2, 
we have the reduced form 
P&X, 0) = (f,’ I1 y+ p,) and P2(y, 0) = (1,’ y2 y+ p,). (3.5) 
4. THE SPECIAL CASES 
In this section we shall discuss the various special boundary conditions 
of our general model. 
4.1. Mi = M, = M,,---Obviously, the general model is reduced to the 
original one under these boundary conditions. 
4.2. M,(x) = M,, and M,(y) = M,-Since M, and M2 are constants, 
then 
- g P&c, 0) = gy P2(0, y) = 0. 
The sufficient conditions for mf = m- = m are p2 = y2 = 0. These 
are also the necessary conditions for the case b - c # a - d. Since 
qx, Y) = qx, Y> * p, 3 we have s(x, x) = P2 as the initial conditions. 
4.3. M,(x) = M, and M,(y) = M,,-This is merely a mirror image of 
the case 4.2. 
4.4. M,(x) = M,(y) = Ml--The corresponding interphase matrices 
Pr(x, 0) and P,(O, y) are again constant matrices. The interphase transmission 
and reflection operators, yl , p1 , y2 , p2 are not independent in this case; 
they are related by Pl(x, 0) * P,(O, y) = E. It is easy to see the sufficient 
conditions for m+ = m- are p1 = r2 and y1 = p2 . These conditions combine 
with Pl(x, 0) * P2(0, y) = E, result in rl = p1 and 
M = m+ = m- = 
( 
(1 + YlY - (1 + yl)-l yl b a 
- YI( 1 + yJ1 (1 + yJ-’ I( 1 c d 
x 
( 
(1 - YlY - (1 - Y&l Yl 
- Y,(l - Y&l (1 - 11)-l 
, 
(4.4.1) 
where Y, is a constant. The corresponding scattering matrix has identity 
as its initial value. 
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4.5. M,(X) = M(x) and Ma(x) = M(y)-The special characteristics of 
this case is that the obstacle is no longer imbedded in an arbitrary but fixed 
homogeneous medium. The terms 
apdx9 ‘> md 
ax ay 
cannot be neglected as in the previous case. A stronger condition is needed 
for m = m+ = m-, that is, besides pr = ra , y1 = pz , M is required as a 
differentiable function. If this is the case, then 
- (1 + rr) Yr 
m(Z) = ((A ~(;l)~l,,-l (1 + rl)-l 
,b a 
H 1 c d 
x 
( 
(1 - r1)-l 
- (1 - YJl Y1 
- Yl(1 - Y&l (1 - 11)-l 1 
+ (” ~(~‘r’,)-1 3 E (1: :,I(: (1 - Yl)-l I1 ;1 - r&l) ’
(4.5.1) 
where Y, takes its argument on z. And we also observe 3(x, X) = E. 
5. APPLICATION-THE WAVE PROPAGATION PROBLEM 
As an illustration the one-dimensional problem of wave propagation in a 
non-homogeneous obstacle is considered. The results corresponding to 
various boundary conditions are obtained. In the course of the following 
analysis, the question posed earlier in the introduction section is answered. 
Let there be an obstacle extended from x to y that has a differentiable 
function K(z) as propagation constant for either the forward or backward 
direction. To simplify the analysis, assume that the incident waves are 
always normal to the obstacle. 
5.1. First, consider that the case of this obstacle is imbedded in a homo- 
geneous medium with propagation constant k. This corresponds to the case 
4.1 in Section 4. It is understood that the interphase left-hand reflection 
and transmission for the case with the medium with propagation constant 
K, at left and that with k at right are respectively 
4 - k 24 
ko+k’ k,+k’ (5.1.1) 
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To obtain the coefficients for this system, consider a very thin obstacle 
by using the mean-value theorem and the multi-reflection argument [8]; 
the result is 
U(Z) = i ( 
K”(z) - ko2 
2ko 1 = 44, b(z) = i( 
w4 + ko2 2ko ) = d(z). (5.1.2) 
In Eq. (5.1-2) a = c and b = d is the local isotropic property of this system. 
The local isotropic does not imply the globe isotropic, that is t = 7, p = Y. 
Substituting (5.1-2) into Eqs. (3.1) and (3.2) the differential equations 
that govern this system are obtained with 8(x, x) = E. 
5.2. In the above case, if k, is replaced by k, , the same analysis as 
above is repeated and results in the corresponding coefficients 01, #3, y, 6 
similar to (I, 6, c, d in the equation (5.1-2), but with k, replaced by k, . 
We prefer to obtain CY, /3, y, 6 from the results of the equation (4.4-l). We 
observe that the present problem corresponds to the case 4.4 in Section 4, and 
P&c, 0) = (X’ I1 - y1 
1 -Y, 
) ) P,(O, y) = (il- I1 y1 
1 +r, 
) , (5.2.1) 
where Y, = k, - k,,/k, + k, . Equation (5.2-l) provides the sufficient condi- 
tions for m+ = m-. Hence LY, /?, y, 6 is obtained by (4.4-l). The solution 
matrix 3(x, y) is related to 5(x, y) by 
‘% y, = (kl .! ho)2 ;:- k, 2k, ” - “‘) * ‘6% y) * (;;- k, - ko tk, * 
(5.2.2) 
5.3. In the case 5.1, if the medium to the right-hand of the obstacle is 
replaced by a medium with propagation constant k, , this corresponds to 
the case 4.2 in Section 4. Now, m+ and m- can be computed in a straight- 
forward manner. In this case, mf = m- if and only if k, = &k, , and also 
in the corresponding scattering matrix 3(:(x, y) with initial value 
where yz = k, - k,/k, + k, . Hence, the change of boundary conditions in 
this case not only affects the initial value of the scattering matrix, but also 
distorts the identity of left-hand and right-hand coefficients. 
5.4. In reference to the model constructed by Bellman and Kalaba [5], 
the medium to the left of the obstacle extended from x to y is homogeneous 
with propagation constant k(x) and that to the right with propagation 
constant k(y). This corresponds to the case 4.5 in Section 4. 
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Similar to the previous cases, p2 = y1 and Ye = p1 . These conditions are 
combined with differentiability of the function k(x), then the sufficient 
conditions appear for m+ = m- = m. Hence, the equation (4.5-l) holds for 
this problem. Based on the validity of the equation (4.5-l), coefficient m is 
obtained for this system by considering a thin obstacle and using the limit 
process on the continuous function k, as depicted in the work of Wang [8]. 
However, we shall obtain M(z) by Eq. (4.5-2). That is, new coefficients are 
obtained for this system from Eq. (5.1-2). We see y1 = K(z) - &/K(z) + k, . 
The results are 
m(z) = ik(z)E + (5.4.1) 
Since 01 # y and /3 # 6, the boundary conditions distort the original local 
isotropic property of the coefficients. 
Substituting Eqs. (5.4-l) into Eq. (3.2), a set of four differential equations 
is obtained, two of them, t and Y, are identical to Eqs. (1.1). Also shown is 
3(x, X) = E, hence the initial condition is preserved. 
6. REMARKS 
Reid [9] established the uniqueness of the solution for the system for 
finite-dimensional case. That is, Reid considered t, 7, p and Y are tl x 1z 
matrices. First is apparent that his result can be easily extended to the 
infinite dimensional case as long as [9(x, y)]-l exists and is unique, where 
Second, it can be extended to the various cases considered herein. 
A very simple model is considered in the application to illustrate the 
method. The application of the general results to more complicated problems 
is yet to be revealed. The extension of the above results in the time-dependent 
case will be an interesting research problem. 
Finally, I wish to acknowledge Professor R. Redheffer, for his suggestion 
of this work. 
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